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Abstract 

We establish both local and global well-posedness of the heat flow of polyharmonic 
maps from R™ to a compact Riemannian manifold without boundary for initial data 
with small BMO norms. 



1 Introduction 

For k > 1, let N be a /c-dimensional compact Riemannian manifold without boundary, 
isometrically embedded in some Euclidean space M. 1 . For n > 2 and m > 1, we consider 
the m-th order energy functional 



( 1 r i a — 1 9 
1 f \rm..i2 2JR"I A2U I if mis even 



Em{u) - - / |V u\ - < x 

2J ^ n UV»I VA 



m — 1 



2 u\ 2 if m is odd 
for any u G iy m ' 2 (R n , 2V), where A is the Laplace operator on W 1 and 

W m ' 2 (M n ,N) = |t>£ iy m ' 2 (M n ,M') : u(x) G 2V for a.e. x G fi| . 

Recall that a map it G VF m ' 2 (R n , N) is called a polyharmonic map if u is the critical point 
of E m . The Euler-Lagrange equation of polyharmonic maps is (see Gastel-Scheven [9]): 

(_l) m A m u = F(u) :=(-l) m div m (j^ f™^ V m - fc - 1 (n(u))V fe+1 u j 

Vfc=0 ' (1.1) 

m-l 



em)* : 

fc=0 v 7 



fc=0 

fe / \-7m—k 



div fc v m ~*(n(u))v m u 



where II : 2V5 — > 2V is the nearest point projection from the (^-neighborhood of N to 2V, 
which is smooth provide 5 = S(N) > is sufficiently small. It is readily seen that (jl.ll) 
becomes the equation of harmonic maps for m = 1, and of extrinsic biharmonic maps for 
m = 2. 

Motivated by the study of heat flow of harmonic and biharmonic maps, we consider 
the heat flow of polyharmonic maps, i.e. u : M. n x — > N solves 
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u t + (-l) m A m n =F(n) in R n x (0, +00) 
u \ t=0 =u o on M n , 



(1.2) 
(1.3) 



where no : M n — >• N is a given map. 

The heat flow of harmonic maps, (|1.2p for m = 1, has been extensively studied. For 
smooth initial data, the existence of global smooth heat flow of harmonic maps has been 
established by (i) Eells-Sampson [7J under the assumption that the sectional curvature 
Kn < 0, and (ii) Hildebrandt-Kaul-Widman [TTJ under the assumption that the image 



the short time smooth heat flow of harmonic maps may develop singularity at finite time, 
see Coron-Ghidaglia [4J, Chen-Ding [2], and Chang-Ding- Ye [3|. However, Chen-Struwe 
[6J (see also Chen-Lin [5] and Lin- Wang [19]) proved the existence of partially smooth, 
global weak solutions to (|1.2p - (|1.3p for smooth initial data uq. For rough initial data no, 
the second author recently proved in [25J the well-posedness for the heat flow of harmonic 
maps provided the BMO norm of no is small. 

When m = 2, (II. 2p becomes the heat flow of extrinsic biharmonic maps, which was first 
studied by Lamm in [151 [TBI H7|. In particular, it was proven in |15[ [T6l [T7] that if n = 4 
and 1 1 no 1 1 1^2,2 ( K 4\ is sufficiently small, then there exists a unique global smooth solution. 
For an arbitrary n G W m ' 2 (R 2m ), it was later independently proved by Wang [23| (for 
m = 2) and Gastel [8] (for m > 2) that there exists a global weak solution to (11.2p - (|1.3p 
that is smooth away from finitely many singular times. Very recently, the second author 
established in [24] the well-posedness for the heat flow of biharmonic maps for no with 
small BMO norm. 

We would like to mention that there have been some works on the regularity of poly- 
harmonic maps for m > 3 in the critical dimensions n = 2m. We refer the readers to 
Gastel-Scheven [9], Lamm- Wang [18], Goldstein-Strzelecki-Zatorska-GoldsteinpTJj. Moser 
[20] . and Angelsberg-Pumberger [TJ. 

In this paper, we are interested in the well-posedness of the heat flow of polyharmonic 
maps with rough initial data. In particular, we aim to extend the techniques from |25[l24j 
to establish the well-posedness of the heat flow of polyharmonic maps (jl.2p and (jl.3p for 
m > 3 with no having small BMO norm. 

We remark that the techniques employed by Wang |25[ [24"] were motivated by the 
earlier work by Koch and Tataru [14] on the global well-posedness of the incompressible 
Navier-Stokes equation, and the recent work by Koch-Lamm [13J on geometric flows with 
rough initial data. 

We first recall the BMO spaces. For x £ W n and r > 0, let B r (x) C M n be the ball 
with center x and radius r. For / : W 1 — > M, let f xr be the average of / over B r (x). 



of no is contained in a geodesic ball Br in N with radius R < 




7T 



In general, 



Definition 1.1 For f : R n -4 R and R>0, define 




sup 

xGR n ,0<r<R 




When R = +00, we simply write BMO(M n ) for BMOoo(K n ). 
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For < T < oo, define the functional space Xt by 

Xt ■= j/ : R n X [0,T] | ||/|| Xt := sup_ U/H^n) + [/] Xt |> , (1.4) 

where 



0<t<T 



m ,. 

[f]x T = Y,{ SU P ^l|V*/IU«(R»)+ sup (r-"/ |V fe /l^)^} (1-5) 



k=l x€M.",0<r<T^ 



R 2rn ■ 



where P r (x ; r 2m ) = B r (x) x [0, r 2m ]. It is clear that (Xt, \\ ■ \\x T ) 1S a Banach space. When 
T = +oo, we simply write X, \\ ■ \\x, and [-]x for Xoo, \\ ■ Wx^,, and [-jxoo respectively. 
The main theorem is 

Theorem 1.2 There exists an £q > such that for any R > if uq : M n N has 
MBMO fl (l n ) — £ 0, then there exists a unique global solution u : R n x [0, R 2m ] — )• N to 
hi. 2(1 and hl.3\) with small semi-norm [u]x 

As a direct consequence, we have 

Corollary 1.3 There exists an eq > such that if uq : W 1 — > N has [^o]BMO(M n ) — £ o> 
then there exists a unique global solution u : W 1 x R + — > N to hl.2\) and hl.3\) with small 
semi-norm [u]x- 

We follow the arguments in [25, 24J very closely. The paper is written as follows. In 
section 2, we present some basic estimates on the polyharmonic heat kernel. In section 
3, we present some crucial estimates on the polyharmonic heat equation. In section 4, we 
prove Theorem 1.2. 

2 The polyharmonic heat kernel 

In this section, we will prove some basic properties on the polyharmonic heat kernel. 
The fundamental solution of the polyharmonic heat equation: 



b t (x, t) + (-l) m A m b(x, t) = in R n x M+ (2.1) 



is given by 



where 



x 



b(x,t)=t-^g( — ) , (2.2) 



g(x) = (27r)-f I e ix <-W 2m d£, x E R n . (2.3) 
It is easy to see that g is smooth, radial, and 

Proposition 2.1 For any L > 0, k > 0, there exists C = C(k,L) > such that 

|V fe 5(x)| < C(\ + \x\)~ L , Vx E R n . (2.4) 
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Proof. For k > and L > 0, since 



V k Ae ix <) = {it) k {ix)- L Vi (e ix - 



we have, by integration by parts, 



\V k g(x)\ 



This completes the proof. 



/ {ix)- L e^V L J{iO k e-^ m ) dd 



< C(k,L)(l + \x\Y 



□ 



As a direct consequence of (|2,4p . we have the following properties for the polyharmonic 
heat kernel b 

Lemma 2.2 For any k,L > 0, there exist C\ > depending on n,L and 62,63 > 
depending on n, k, L such that for any x 6 W l and t > 0, it holds: 



\b(x,t)\ < Cit-ss ( 1 + ^ 

£ 2m 



|V /c 6(x,t)| < C 2 (t~2^) [t*^ + \x\ 



(2.5) 
(2.6) 



|V fc 6(x,t)|[ L i (K n) < C 3 t-*s. 



(2.7) 



At the end of this section, we recall that the solution to the Dirichlet problem of 
inhomogeneous polyharmonic heat equation 



u t (x,t) + (-l) m A m u(x,t) =f{x,t) in R n x R+, 
it(x,0) =«o(x) on R n 



is given by the following Duhamel formula: 

u = Guq + S/, 



where 



and 



Gu (x,t) := / b(x - y,t)u (y)dy, (x,t) 



e jr x 



(2.8) 
(2.9) 



(2.10) 



(2.11) 



Sf(x, t) := f f b(x-y,t- s)f(y, s)dyds, (x, t) € R n x R+. (2.12) 
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3 Basic estimates for the polyharmonic heat equation 

In this section, we will provide some crucial estimates for the solution of the polyharmonic 
heat equation with initial data in BMO spaces. 

Lemma 3.1 For < R < +oo, if uq G BMOfl(R"), then uq := Guq satisfies 

E SU P r ~ n r 2k - 2m \V k u \ 2 <C[u ] 2 BMOR{Rn) , (3.1) 

T~y x£M. n ,0<r<R JP r (x,r 2m ) 

and 

m 

E sup *^ V fc n (t) < C[u ] BMO m . (3.2) 

//, in addition, uq € L°°(IR n ) i/ien 



m— 1 ,, „ 

2m 



E SUP r / l V ^°l *" - C 'll u ollL»(H n ) ' NBMO fl (R») ' ( 3 - 3 ) 

^ a;eIR n ,0<r<_R J P r (x,r 2m ) y ' 



The proof of Lemma 3.1 is similar to [23] Lemma 3.1. For completeness, we sketch it 
here. Let S denote the class of Schwartz functions, the following characterization of BMO 
spaces, due to Carleson, is well-known (see, Stein [21]). 

Lemma 3.2 For < R < +oo, let € S be such that J Rn <& = and denote for t > 0, 
$ t (x) = t- n $(f), x G W 1 . If f G BMO fi (IR n ) ; ffcen 

sup r~ n / / */| 2 (:c,t) — < C Mbmo^R") ( 3 - 4 ) 

for some C = C(n) > 0. 

Proof of Lemma 3.1. Let g be given by (|2.3p and $ l = V*g for i = 1, • • • , m. Then 6 5 
and J Rn <£' = for i = 1, • • • , m. Direct calculations show 

$\(x) = t- n (V*g) (|) = f V< (t-"p(| )) = i^&Or), 

where <7t(x) = t~ n g(j). Hence we have 

$i*u (x) = t i V i (g t *u Q )(x). 
Since the polyharmonic heat kernel b(x, t) = g i (x), we have 

d>j * u (x) = fV l [(b(-, t 2m ) * u )(x)] = t l V l (Gu )(x, t 2m ). 
Thus Lemma 3.1 implies that for i = 1, • • • ,m, 

„ r ,q ^ _„ /" r /" | ,• .ndxdt 

C N B MO fl (i«)^ SU P r I I \$t*uo\ 



x£M. n ,0<r<R JO JB r (x) 



t 



[ r [ t^-^Guofix^^dxdt 

JO JB r {x) 

— sup r~" / i^~|V*Gu | (x,t)dxdt. 

m x£R n ,0<r<R JPr.(x.r 2m ) 



sup r 

a;GR™,0<r<_R Jo ^B r (i) 
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This clearly implies (|3.ip . since for i = 1, ■ ■ ■ , m, t 2m > r 2 « 2m w h en o < f < r 2m . 
Since uq solves the polyharmonic heat equation: 

(d t + (-l) m A"> = on R n x (0, +oo), 

the standard theory implies that for any x G W 1 and r > 0, 

Yr^\V k u \ 2 (x,r 2m ) < CVr" / r 2k ' 2m \V k u \ 2 . 

Taking supremum over x G W 1 and < t = r 2m < R 2m yield (|3.2p . 

For ([33]), observe that u G L°°(R n ) implies $j * u G L°°(R n ) for i = 1, • • • ,m - 1, 

and 

||^t * «0|U°°(K«) < II^Hl^R") ||^o||l°°(R") < ||V l <?||£l(Rn)||'Uo||£cx>(] K n) < C||Uo||z,°o( R n). 

Hence 



sup r n [V l Gii | 2 ^ dxdt 

x£R n ,0<r<R JP r (x,r 2m ) 

, t I • Am dxdt 

= sup r n I \$\ * uq\ 



x€M. n ,0<r<R JB r (x)x[0,r] t 



2 m r> 

dxdt 



< ( sup \\<&l * no||Loo( K n) j • sup r n \&1*uq\ 2 

2m 2 2 



This implies (pT3]h □ 

Now we prove an important estimate on the distance of uq to the manifold N in term 
of the BMO norms of uo. More precisely, 

Lemma 3.3 For any 5 > 0, there exists Kq = Kq(5, N) > such that for < R < +oo, 
ifu € BMO R (lR n ) t/ien 

dist(u (x,t),N) < K [u ] BMOR(Rn) + 5, Vx G M n , < t < (^) 2m - (3-5) 

Proof. For any x G M n , t > and X > 0, denote 



c £< = in TnYi / u °( x ~ t2 ' mZ ) dz - 

\ B K{V)\ Jb k (Q) 



i 



Let g be given by (|2.3|) . Then, by a change of variables, we have 

uo(x,t) = / g(y)u (x -t~iy)dy. 
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Applying (2.5) (with L = n + 1) from Lemma 2.2, we have 



Uo(x,t) - c£J < / g(y) n (x - t^y) - c % 



dy 



< i I + / } g(y) u (x -t2my) - c 

'Bk(O) ^M"\Sk(0) I 



< 



U (x - Uray) - C% 



B K (0) 

<K n [«o] B MO i (R") + ^' 

if i '2m 



dy 

1 



n+1 



provided we choose a sufficiently large K = Kq{5, N) > so that 

1 



C||«o| 



",oo run 



e\B K (o) \y\ 

On the other hand, since uo(M ri ) C N, we have 



-dy <S. 



dist« tJ JV) < 



1 



1^(0)1 V (0 ) 



u (x -t2my) dy < [uq] 



Jbmo 



Jft2m 



Putting dSISD and ([321) together yields ([33]) holds for t < (f 



(3.6) 



(3.7) 



□ 



4 Boundedness of the operator S 

In this section, we introduce several function spaces and establish the boundedness of the 
operator S between these spaces. 

For < T < oo, the spaces Y^, for k = 0, • • • , m — 1, are the sets consisting of all 
functions / : R n x [0, T) -> R such that 



l/ll 



1 rri 



2m — k 
SUP £ 2m 

0<i<T 

rk 



".oo CTBi 



) + sup 

x€M n ,0<R<T1 



lp R (x) 



(4.1) 



Notice that (Y^, || • \\ Y k) is a Banach space for k = 0, • • • , m — 1. When T = +oo, we 
simply denote (Y k , \\ • || yfe ) for (Y^, || • || y ^ ). 

Let the operator S be defined by (|2.12|) . Then we have 



Lemma 4.1 For any < T < +oo and k = 0, ■ ■ ■ , m - 1, if f £Y£, then S(V Q /) G X T 
and 



||S(v q /)|| Xt <c h/ii^, 

where a = (ai, • • • a n ) is any multi-index of order k. 



(4.2) 
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Proof. We need to show the point wise estimate 

m 

J3l2 i |V < S(V < 7)l(3.fl am ) < C\\f\\ Y k, VieM", 0<R<Ts, (4.3) 



i=0 



and the integral estimate for < R < T 2m : 



ViT^ II V*S(V a /)ll *», , „ <C||/| 



(4.4) 



i=l 



By suitable scaling, we may assume T > 1. Since both estimates are translation and scale 
invariant, it suffices to show (j4.3|) and (|4.4p hold for x = and i? = 1. 
For i = 0, • • • , m and a = (qi, • • • , a n ) with order A;, we have 



|V*S(V a /)|(0,l) 



V l+a b(y,l-s)f(y,s)dyd S 



< 



+ + 

'o Jb 2 Jo Jm n \B 2 



V l+k b(y,l-s) \f(y,s)\dyds 



=h + I 2 + h. 

Applying Lemma 12.21 we can estimate 1%, I2 and I3 as follows. 



\h\ < SUp ||/(s)|| ioo ( K n) 



i<*<l 



) ( < ^ l | Vi+ * 6( "' 1 ~ S ' 



/ 2 i-\-k 

<C||/lly* / s'^ds (by (2.7)) 
1 Jo 

<C||/|| Y * (since % + k < 2m- 1). 



ds 



\h\<[ sup ||V 4+fc 6(-,l- S )|| L 



00 (T®n\ 



\0<S<7 



B 2 x[0,i] 



|/(y,s)|dyds 



<C / \f(y,s)\dyds 

<c|!/|U- 



< 




Jm n \B 2 



V l+k b(y,l-s) \f(y,s)\dyd S 



<C / \y\-^\f(y,s)\dyds (by (2.6) for L = n + 1) 

io JR n \B 2 
'00 

-1) 

/ \xeR n Jp 1 (x,i) 



< z ^^- 1 fe-(" +i ^ ) ( sup / \f(y,s)\dyds 



\k=2 
/ 00 



<c [J2 k ~ 2 ll/lln* < ll/lly- 



vfc=2 
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Now we want to show (|4.4p by the energy method. Denote w = S(V Q /). Then w 
solves 

(d t + (-l) m A"> = V a f in R n x (0, +00); w\ t=0 = 0. (4.5) 

Let r\ G Co°(i?2) be a cut-off function of £?i. Multiplying (j4.5j) by 7/ 4 u> and integrating 
over W l x [0, 1], we obtain 

f MV + 2 f V m w ■ V m (wr] 4 ) = 2 f V a f-w V 4 . (4.6) 



([0,1] Jt n x[0,l] 
By the Holder inequality, we have 



JR"x[0,l] 

/ \V m {wrf)\ 2 + / V m w V V^iwrf) ■ V m_/ V 

jR n x[0,l] JR n x[0,l] \/3=0 

. / m-1 N 

- / V m {wrf) V V^H • V m-/ V) 

7r«x[0,i] \^ =0 

1 „ m—l . 

>M |v»(W)| a -cW IW 

z ./R™x[0,l] (3=0 ^2 x [0,11 



<c||/||^ + c||/|| yr ||v fc ( W)ll L¥(M „ x[(U]:i 



(4.7) 



/ V Q /W = (-l) fc / /-V a [H 2 )T, 2 ] 

iR"x[0,l] JR"x[0,l] 
A: 

^ =0 Jr«x[o,i] 

/.1 (4.8) 

E 2m-fc /3 o / -, , fc-g V^- u ; 

SUP t 2m ||/||ioo( K n) • SUp £ 2m 1 1 V P W \ \ £00 ( R n ) • / t + 2mdt 

g =o 0<t<l 0<<<1 Jo 

+ rnin -|l vfc (W)Lam 

^2^1-1(52x^1]) i fc (R n x]0,lj) 



To estimate the last term, we need the Nirenberg interpolation inequality: for k < m — 1, 



2 m 



||VW)|| ^ , < ^llWll i t( R %l|V m (W)lli2 (R n ) , 

which, after integrating with respect to t S [0, 1], implies 

ll Vfc ^ 2 )ll^(R"x[0,l]) ^ C ^ <1 ll W lir4")H Vm ^ 2 )llr 2 (M"x[0,l])' ( 4 - 9 ) 

Putting g^D, (jUT]) and gSD into gSJ), we have 
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/ 



mt...J2\\2 



'R™x[0,l] 
m— 1 

^E 



\V m (wri 



|v^| 2 + c||/||^ + c||/|U • llvW)ll - „ in 



m— 1 



0=0 



™dt- sup (i™ llV^W^H^oomnO 
0<<<1 



+ C||/||^ fc + C||/||y* sup \H\ L Jl Rn) \\V m (w V 2 )\\£ 2(Rnx[m 



<c\\f\ 



1 



1 

<- 



R"x[0,l] 

- / |v m (W)l 2 + c||/||^., 

z JR n x\0,l} 1 



0<i<l 



where g 



2m 
2m— k 



. Therefore, we obtain 



|V m u;| 2 < 



|V"W)| 2 <C||/lly fc - 



'Pi (0,1) JR™x[0,l] 
For i = 1, ■ ■ ■ , m — 1, applying Nirenberg's interpolation inequality gives 



(4.10) 



(4.11) 



ft (0,1) iR"x[0,l] 

2m 2 - 



Ikllioo^llV™^ )ll L 2 (R „ x[0jl]) 
2m ., 

m/. ,.J\|2 



i-2 



™x[0,l] 



|v"W)l' 



<C||/ll y * 

2m 

<c\\f\\j f 

(|4.1ip and (|4.12p imply (|4T4"j) . This completes the proof. 



(4.12) 



□ 



5 Proof of Theorem 1.2 

This section is devoted to the proof of Theorem 11.21 The idea is based on the fixed point 
theorem in a small ball inside X R 2m . 

Since the image of a map u € X R 2m may not be contained in N, we first need to extend 
n to R l , denoted as ft, such that U G C°°(R l ) and U = U in N Sn . 

Let 

'm-2 



F{u) :=(-l) m div m ( ^2 X ) V m " A; - 1 (n(u))V fc+1 u 

' (5.1) 

m— 1 ✓ v 

-E^u div " ( vm_fc ( n w) v,r ' 
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For k = 0, ■ ■ ■ , m — 2, define 

F fc (u) = (-l) fc+1 (™) V m ~ k (n(u))V m u. 

For k = m — 1, define 

= (-!)*" ( m ™ x ) V(fi(n))V m n 

m-2 



7ft — Z / \ 

+ (-l) m ) (div(V m - fc - 1 (n(u)))V fc+1 n + V m - fc - 1 (n(n))div(V fc+1 n)) . 

k=o ^ ' 



Then (II, 2|) can be written as 



m— 1 



(ft + (-l) m A"> = div " (*U«)) • I 5 - 2 ) 

k=0 

The first observation is 

Lemma 5.1 For < R < +oo, if u £ X R 2m, then F^{u) G F^™ /or k = 0, • • • ,m — 1. 
Moreover, there exists C > depends on N and || - u||L°°(iR™x[o,-R 2m ]) suc ' !l 

_ 2m — fc 

ll*U«)lly* 2m < ^H x ; m , < < m — 1. (5.3) 

i=l 

Proof. It follows from direct calculations and Holder inequality that 

m 

\F k {u)\ < C^IV^I 2 ^, 0< fc<m-l, 
i=i 

where C > depends on iV and ||M||L°°(R»x[0,-R 2m ])- Thus we have, by the definitions of 
X R 2m and Yft2m, that 



\\F k (u)\U<C^W] x > 2m ,V0<k<m-l. 
i=i 

This completes the proof. □ 

By the Duhamel formula (|2.10p . the solution u to (|5.2[) is given by 

m— 1 

u(x,t) = Gu + ^ S (div fc (F fc (n))) . (5.4) 

fc=0 

From now on, denote 

= Gn . 

Define the mapping operator T on X R 2m by letting 



m—l 



Tu(x,t) = n + S (div fe (F fc (n))J . (5.5) 

fc=0 

The following property follows directly from Lemma 13. 11 



11 



Lemma 5.2 For any < R < +00, if Uq : W 1 — > N, then uo G X R 2 m , and 

\\uo\\L°°{R"x[0,R 2m ]) < C||'"o|U°°(R»), N]x fl2 m -^MBMOjitl")- ( 5 - 6 ) 

For any e > and < R < +00, let 

B £ (u ) := |u G X : ||u - n || Xfl2m < e} 
be the ball in X^2m with center uo and radius e. By the triangle inequality, we have 

\\ u \\L°°(R"x[0,R 2m ]) - C|| n o||L°°(R")+ £ 7 [ U \x R 2m — ^NbMOr(1") + £ ' ^ U G B e(^o)- (5-7) 

Thus we have 

Lemma 5.3 For < R < +oo, if uq -.W 1 ^ N has ["UoJbmo^R") ^ e > ^ en 

||w|| L cx,( R n+i) < C + e, [u] x < Ce, Vu G B e (u ), (5.8) 
/or some C = C(n, N) > 0. 

The proof of Theorem 11.21 is based on the following two lemmas. 
Lemma 5.4 There exists £\ > such that for < R < +oo, if uq : M n — >• iV /ms 



i/ien T maps B £l (uo) to B £l (uo). 
Proof. By (|5.5|) . we have 

T(u) - n = Y, S (div fc (F fc (n))) , « G B ei («o). 

fc=0 

Hence Lemma |4.1| Lemma ED and Lemma 15.21 imply that for any u G B £l ({to), 



m—1 



m—1 



\T(u)-uo\\ XR2m <^2\\S(div k (F k (u))) 

k=0 
m—1 

* — * j? 2 " 

m—1 m „ , 

, 2m — k 

£5>E 



A" 



< 

~ Z / Z / L } ^ p 2m 

k=0 1=1 

m+l 

<C\u]y m <£l, 

— L J A fl 2m — - L ' 



provide £i > is chosen to be sufficiently small. Hence Tu G B £l (uo). This completes the 
proof. □ 
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Lemma 5.5 There exist < e% < £\ and 9q £ (0, 1) such that for < R < +00, if 



u : 



N satisfies 



[«o]bmo r (M") < £ 2, 
i/ien T : B e2 («o) > B £2 (uo) «s a 6 fo- contraction map, i.e. 

!|T(u)-T(«)|| Xfl2m <^o||n-^||x K2m > Vn, uG B £2 (u ). 

Proof. For u,v E B £2 (uo), we have 



m— I 



|T(u)-T(x;) 



s 2m 



<E ||S(div fe (F fe (n)-F fc ( V ))) 

fc=0 
m— 1 



H 2 ™ 



fc=0 



Notice that |p||i,oo(Rn x rQ ^2mj) + |M|L°o(R". x [o,.R 2m ]) < Co . For any k = 0, 
follows from the definition of we have 



(5.9) 



,m — 2, it 



|F fc (u)-.F fc (w 
|V™(«-t;)| 



m—k 



+ \V m v\\u - v\ 



\V rn - k u\ + E E ( n ti|V a "u|) ] |V m - fc ^i 



E (qiiiv^i + n^iv^i) 

|«|=m— fc 



+|V m ?;| 
Hence we have 



m—k 



E l v > - v )l E ( n "=il v ^l + n ?=ilv Q ^l 

J=l \|«|=m-fc-j 



< 



S 2m 



m— k 

Ed 



fl2 



u — v\ 



X 



X R 2m ' 



J = l 

<C£2 \\u — v\ 

where we have used Lemma 15.31 in the last step. 
For k = m — 1, since 

\F m ^(u) - F^v) < [\Vu\\V m (u-v)\ + \V(u-v)\\V m v\ 

m-2 



+ E [|v m - fc (n(u))| + |v m - fe (fiW)| 



fc=0 

m-2 



(5.10) 



+ ^v™- fc (nw-n(«)) 



|V fc+1 u| + \V k+1 v\ 



k=0 
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we also have 

||F m _i(«) -F m _i(v)|| y m-i < Ce 2 ||w-u||x , • ( 5 - n ) 
Putting (jCTJj) and (l5TLj) into (JSTSD, we obtain 

||T(«)-T(«)|| r <Ce 2 \\u-v\\ x <e \\u-v\\ x 

for some #o = ^0(^2) £ (0,1), provided £2 > is chosen to be sufficiently small. This 
completes the proof of Lemma 15.51 □ 

Proof of Theorem 11.21 It follows from Lemma 15.41 and Lemma 15.51 and the fixed point 
theorem that there exists £0 > such that for < R < +00, if [iio]BMO B (R n ) < £ o, then 
there exists a unique u G X R 2m such that 

u = u + S(F(u)) on R n x [0,R 2m ], 

or equivalently 

ut + (-l) m A m u = F(u) on R n x (0, R 2m }; u\ f=Q = u . 

We want to show u(R n x [0, R 2m \) C iV. By Lemma [3751 we have that for any x GR n 

R > 
/Co- 



and < i < (^) 2m , 



dist(u(a:,i),iV) <dist(n , iV) + \\u - Uo\\ L °o( R n x [ 0)R 2m-n 

<5 + Ko[^o]BMO fl (R™) + £ 

<<5 + (l + K )eo <<W, 



provided 6 < % and e = 2 (i+g ) - This yields n ( Rn X t ' (i^) 2 "^ C Hence 

fi(tt) = n(u), F(u) = F(u) on M n x [0, ( J-) 2m ]- 

Set Q(n) = y — n(y) for y G N$ N , and p(it) = ^|Q(u)| 2 . Then direct calculations imply 
that for any y G JV^ , 

VQ{y){v) = (Id- Vn(y))(«), \/v eR l 
y 2 Q{y){v,w) = -V 2 U(y)(v,w), Vv,w G R*. 

Set A(?/)(u, tu) = — V 2 n(y)(f,w) for y G N$ N and v,w £ R l . Then -F(u) can be rewritten 
by (see Gastel [8]): 

F(u) = (-l) m+1 X] ( J )tr m (V J ,4)o U (V Ql+1 n,V Q2+1 n,--- ,V^+ 2+] 

j=0 \a\=2m-2-j ^ ' 

Direct calculations imply 



u 
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A rn Q{u) = VQ(u)(A m u) 



2m ~ 2 /9 _ 9 _ \ 

+ 2 ( a 3 ) tr ^ m( y jA )° u( y ai+lu ^ a2+lu ^--^ a3+2+lu ) 



j=0 \a\=2m-2-j 

--VQ(u)(A m u) + (-l) m+1 F{u). 



Therefore we have 



(d t + {-l) m A m )Q{u) ={VQ{u)F(u) - F{u)} 
= - Vn(u)(F(u)). 



(5.12) 



Multiplying both sides of (|5.12p by Q(u) and integrating over M n , we obtain that for 



< t < (^) 2m , 



I p(u)+ I \V m Q(u)\ 2 = -[ (VU { u)(F(u)),Q(u))=0, (5.13) 

where we have used the fact that Q(u) _L T^^N and VH(u)(F(u)) E ?n( u )iV on W 1 x 
[0,(^) 2m ] in the last step. 

Since p(u)\t=o = 0, integrating (|5.13p with respect to t implies p(u) = on W 1 x 
[0, (^) 2m ]. Thus u(W n x [0, (^) 2m ]) C N. Repeating the same argument also implies 
that u(W n x [(^) 2m , R 2m }) C N. This completes the proof of Theorern[L2j □ 
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